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Abstract 
The output harmonic quality of N series connected full-bridge dc-ac inverters is 
investigated.  The inverters are pulse width modulated using a common reference signal 
but randomly phased carrier signals.  Through analysis and simulation, probability 
distributions for inverter output harmonics and vector representations of N carrier phases 
are combined and assessed.  It is concluded that a low total harmonic distortion is most 
likely to occur and will decrease further as N increases.  
 
1 INTRODUCTION 
Series connected full bridge inverters, also known 
as multilevel cascade inverters were first 
proposed for static VAR compensation, where the 
DC link of each inverter can be isolated with no 
net power flow.  They are additionally well suited 
to applications where DC power sources can be 
modularized, such as solar panels and battery 
systems.  Figure 1 shows a four bridge cascaded 
converter.  
The two key benefits of a multilevel cascade 
inverter are a high output voltage capability using 
low-voltage components and much improved 
output waveforms despite low switching 
frequencies.  This second advantage is the focus 
of this paper.  
The improved spectra of the output waveform is 
achieved because of (1) a smaller output voltage 
step size (Vstep = Vout/N) where N is the number 
of full bridge inverter modules and (2) 
interleaved timing of voltage steps from 
individual converters (fout = N*fswitch).  Both these 
effects combine to give an improvement in output 
ripple by a factor of N2. 
However, perfect interleaving the converters 
requires fast isolated communications to 
synchronise the modules.  In applications where 
there are many converters, or there are large 
physical distances between sources, the added 
cost of fast communications can outweigh the 
benefit of improved power quality. 
As a cheaper alternative, this paper investigates 
the output quality of multilevel cascade 
converters with very poor or non-existent module 
synchronisation, such as would occur if a simple 
communication system was used. This effectively 
randomizes the switching timing between 
modules and precludes interleaved switching 
benefits. 
Whilst the resulting output power quality of a 
random system is not expected to match that of a 
deterministic system, it is likely that by 
increasing the number (N) of series connected 
inverters, a power quality improvement will still 
be observed despite the effects of randomization. 
In the following section of this paper the output 
waveforms are identified and a metric to quantify 
their harmonic quality is then discussed in section 
3.  A second metric for distinguishing random 
events is selected in section 4 and the statistical 
properties of this metric are presented.  
Simulations are used in subsequent sections to 
investigate and verify the relationship between 
the two metrics and their statistical properties for 
increasing values of N.  
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Figure 1. A four bridge multilevel cascaded 
converter phase leg. 
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2 OUTPUT SIGNAL 
To initially simplify calculations, series 
connected full-bridge inverters using bipolar 
rather than unipolar switching were considered.  
The bipolar switching was implemented using a 
sine-triangle carrier modulation method.  Figure 2 
shows two examples of the sine-triangle carrier 
modulation waveforms and the output switching 
waveforms that result. 
These diagrams are for N=4 series connected full-
bridges forming one phase leg, with a switching 
(carrier) frequency 12 times the fundamental 
synthesized sine frequency.  Since bipolar 
switching is used, each full bridge only switches 
between two voltage levels.  A cascade of four 
converters then produces a five level output 
waveform. 
Figure 2(a) shows the ideal case in which the 
phases of the triangular carriers are evenly spread 
over a switching cycle.  This is usually referred to 
as interleaved switching and achieves the best 
waveform quality.  The combined output of the 
four inverters is a good approximation of the sine 
waveform, with an effective switching frequency 
four times the carrier frequency and a voltage 
step amplitude only one quarter of the output 
amplitude.  The output spectra of this waveform 
is discussed in more detail in section 3.1. 
In Figure 2(b) the carrier phases have been 
randomly selected.  The combined output signal 
is a rougher approximation of the sine wave and 
the voltage steps are a mixture of high and low 
frequency pulses.  It is clear to the observer that 
the output of Figure 2(b) will have a lower 
harmonic quality than that of Figure 2(a). 
It should be noted that the worst possible 
harmonic outcome, where all four triangular 
carriers are aligned, will lead to a two level 
output waveform with the same harmonic quality 
as that of a single converter. 
3 HARMONIC QUALITY 
A suitable metric used for measuring harmonic 
quality of the output signals is total harmonic 
distortion (THD).  It compares the total power of 
the harmonic components of a signal to the power 
of the fundamental and is calculated using the 
formula [1]: 
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where kf is the amplitude of the k-th 
harmonic of the pwm spectrum. 
Note that the THD is dependant only on the ratio 
of the harmonic amplitudes to the fundamental 
and is frequency independent. 
3.1 Harmonic Magnitude 
To calculate THD, the magnitude of each 
harmonic ( kf ) must be known.  For a single 
bipolar switched inverter the harmonic spectrum 
can be calculated using the formula [2, 3]: 
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From this formula, the spectrum of Figure 3(a) 
was obtained.  The harmonics occur at multiples 
m of the carrier frequency ( cf ), with sidebands at 
multiples n of the fundamental frequency ( 1f ). 
Of greatest interest is the (m=1, n=0) case, since 
this harmonic has the largest magnitude and the 
same phase angle as the carrier.  It will dominate 
any THD calculation and a change in carrier 
phase will then directly effect the THD. 
(a) 
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Figure 2. Carrier signals, individual outputs 
and the combined output signal of N=4 series 
connected inverters with (a) ideal carrier 
phases and (b) random carrier phases. 
3.2 Harmonic Cancellation 
The significance of carrier phases in THD 
calculations becomes apparent at higher numbers 
of N.  The output spectrum for N=4 series 
connected inverters (f1=50Hz, fc=600Hz) is 
shown in Figure 3(b) for perfectly interleaved 
phases and in Figure 3(c) for random phases 
(fundamental removed for clarity). 
In the interleaved case, the majority of the 
harmonics cancel and any non-zero harmonics are 
attenuated and occur at higher frequencies.  This 
results in a significantly lower THD. 
For the random phase example shown in Figure 
3(c) harmonic cancellation is poor.  The THD for 
this particular random combination is higher than 
that for the interleaved case, as expected, 
however it is still lower than the THD for a single 
inverter.
 
4 CARRIER PHASE REPRESENTATION 
A simple way to portray possible carrier phase 
combinations is by vector representation.  Each 
phase value is depicted by a unit vector with 
phase angle equal to the carrier phase.   
Observing the vector representation of the ideal 
case, shown in Figure 4(a), it is clear that these 
vectors will cancel when summed, just as the first 
harmonics cancel in the N=4 spectrum of Figure 
3(b).  Converse to this, in Figure 4(b) it is 
immediately obvious that the vectors will not 
completely cancel. 
 
4.1 Resultant Vector 
Based on the vector representation of the phases, 
the metric chosen to distinguish between phase 
combinations is the resultant vector Rˆ , defined 
as the sum of N unit vectors with phase angles 
equal to the carrier phases: 
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For a fixed N and Rˆ , the phase angles 
comprising any combination are unordered and 
more than one phase combination may produce 
the same Rˆ .  The length of the resultant vector is 
linked to the statistical variance of the phases by 
[4]: 
N
|Rˆ|1σ 2 −=  
By normalizing Rˆ , the resultant length |Rˆ| norm  
is limited to the range [0..1].  A resultant length 
of zero corresponds to the ideal carrier 
arrangement, one possible combination of which 
is illustrated in Figure 4(a).  The least desirable 
combination will give a resultant length of one, 
that is, all phase angles are the same and no 
harmonic cancellation is possible. 
4.2 Statistics of the Resultant 
Having defined the limits of the resultant vector, 
we are primarily interested in the value within 
this range that will occur most often and the THD 
that will result. 
Each phase angle is modelled by a random 
variable uniformly distributed over the range 
π..π)[− .  The resultant vector formula in section 
4.1 then becomes the sum of N vectors with 
random phase. 
Fortunately, the problem of the sum of random 
vectors arises often in literature and applications 
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Figure 3. The output harmonic 
spectrum for (a) a single inverter, (b) 
N=4 interleaved inverters and (c) N=4 
inverters with random carrier phases. 
 (a) (b) 
Figure 4. Vector representations of (a) 
ideal and (b) random carrier phase 
combinations for the examples shown in 
Figure 2. 
include utility network harmonics, laser 
applications, communications, acoustics, random-
walk phenomena and molecular reactions [5-9] 
Despite the simplicity of the problem, deriving 
analytical equations to describe the resultant is 
difficult, especially for low values of N where 
normal approximations do not hold. This has 
been dealt with by authors using a number of 
approaches and under different assumptions.  
The solution most applicable to this paper is the 
probability distribution function for |Rˆ|  derived 
by Slack[10]:   
( ) ( )[ ]∫∞=



 +≤<=
0
00
ˆ
ββββ dJrJrdr
drr
N
RrPdP
N
 
where J0 is a Bessel function of the first 
kind. 
Numerical solutions of this function for various 
values of N have been graphed in Figure 5, the 
envelopes of which are Rayleigh 
distributions[11].  The trend of these curves is an 
encouraging result, as it suggests that statistically, 
lower values of |Rˆ|  are most likely to occur and 
that this likelihood increases with N.  
5 SIMULATION 
Knowing the probability distributions for |Rˆ| , 
Monte Carlo simulations were employed from 
which the probability distribution of THD could 
be inferred.  The simulations randomly generated 
phase combinations and the corresponding Rˆ  
and THD values were calculated for each 
combination.  
Figure 6 shows the results of two such 
simulations for N=5 and N=10 run for 1000 cases.  
As a result of computational complexity, the 
graphs only show approximate upper THD limits, 
however the lower THD limits are easily 
discernible. 
The trends of these graphs suggest that in order to 
achieve the lowest possible THD, the number of 
converters N should be high and the carrier phase 
combination should produce a low |Rˆ|  value. 
Combining this data with the graphs of Figure 5, 
it can be inferred that statistically, a low THD is 
most likely to result from any random phase 
combination. 
 
 
 
 
5.1 Statistical Confirmation 
As a final means of verifying any conclusions 
drawn from the data presented in previous 
sections, further simulations of random phase 
combinations were conducted and histograms 
were collated. 
(a) 
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Figure 6. Simulation results for the 
THD produced by (a) N=5 and (b) N=10 
series connected inverters at different 
resultant vector combinations. 
Figure 5. The probability density 
function of resultant vector length for 
N=[5..60].
The shape of the THD histogram in Figure 7(a) 
clearly resembles a Rayleigh distribution, 
experimentally verifying the analytical solutions 
of Slack. 
A second simulation study was conducted to 
ascertain whether the concepts presented in this 
paper could be extended to include other 
switching methods.  Figure 7(b) is a histogram of 
THD for full-bridge inverters using unipolar 
switching.  This histogram also resembles a 
Rayleigh distribution, suggesting that the 
statistical behaviour is not unique to bipolar 
switching.  
 
6 CONCLUSIONS 
Using the analytical and experimental data 
presented in this paper, conclusions can be drawn 
regarding the output harmonic quality of 
randomly phased series connected inverters. 
From the probability distributions in section 4.2, 
a low value of |Rˆ|  is most likely to result, with 
increasing probability as N increases.  The data 
presented in section 5 further indicates that the 
same phase combinations that result in a low |Rˆ|  
value will also give a low output THD.  Thus it 
can be concluded that for any random carrier 
phase combination, an output THD well below 
the maximum value is most likely to occur.  
Verifying these conclusions by simulation also 
reveals the interesting result that the ideal phase 
combination, giving best harmonic quality, will 
never occur.  Similarly, the worst case THD also 
has a zero probability of occurring. 
In conclusion, for a fixed number N of inverters, 
the harmonic quality of a random system will 
most often be good, but not as good as that of a 
synchronized system.  However, as inverters are 
added to the system, increasing N, the most 
commonly occurring THD value will both 
decrease in value and occur more often.  
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Figure 7. THD histograms for 1000 
random trials of N=10 series 
connected full-bridge inverters using 
(a) bipolar and (b) unipolar 
switching.  The stemmed plots mark 
the theoretical maximum and 
minimum THD values. 
